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Theorem 2nd Isothm Let Hand N be twonomine
stgonps of G with INETH Then

C HIM 0 GIN
ei Ef

Proofs The canonical projection
Gits G H gl gH a surihorn

makessenseffffactors
thrmghahomomrphosm.TK

N sG H gNsgH
These maps fit into the diagram

Gtx HH

9 getsgetTHY.iq
gM

We claim that 4 is a w med surjective homomorphism
wholemeal suppose gN gzN Then

gig EH gig EH gzH g It4
Since NEH

4cgall XCgzN
Suri dear tget c Ha 6cgNITH
home 9cg ix guy 9 ggun cbydefof

in GIN
inthy gigult EbydefofA



y
9cgMackguy

inTha F LH.ge
def ofa mHH

The kernel of 9 is
Kerth gal 4cgNI H e 4N

gpp GH HI since g.itgaHgirl get gig EH
HIM KfyoGly provesCi

By the ETH the hour 4 Gk 91A factors

through an isomorphism

y F Ht proves

FB

theorem Decomposition into direct products
let G be a grup and let It k be two subgroups
Suppose

c h k L h the H fleek
12 G HK product

Hnk de
Then t directproduct

Proofy Define a map
9 Hx K G
Ch H hK

t.ci
Claim This map is an isomorphism
home Cecchi kiljlhukuD 9llhijhuk.pk

yay



I intH idk defoftinHate in Hxk
Chih Kd

hnkfggyfhukuD fhikil lhukd hickhd.kephilkk.lk
by is

Warning IfweonlyknewHk KH

fainEE'T.EE aEnl
notgoodenough

Suri bye Ag 3 kelt kelt si g hk
i.e g Nch ki

aid Chk c her 4 cecch.to e def often
h k e defofy
k h defof inverse
KEKAH since kek

hat hKH
tee byassumption D
awls hae also
6,14 6,4

This shows 6 in injective RED
Generalization to arbitrarily many subgroups
Hi g Hn of GT

theorem If CD hihj hjhi.tt hitHi hjEHj
G Hy Hu

3 His Hye Hi Him Hu KI
tied nl

Then G E Hix Hh
c similar proofor ukaborethmtholaction



Corollary If N and Nz are normal subgroups

of G such that N n NE e then

NiNFY.LK kwNpnndeaprof

Back to group actions on sets
and the

Class Equation
Recall let a be a finite group acting on a sets
Then ffl 1s9tZEG G

EX
where SG s.ES gs stgEG1 fsES Gs 3s3l

fs lGs1 13
is the fixed point setofthe action

ExampleI let HEG be a subgroup acting on

S G by left multiplication
HxGM G techg hg

or h g hg

Aorbit ofGGG Hg is the rightcosetof H
o H stabilizer ofgel Hg

3 he H hg g
e

Fixed port set
ter Heisey

G
gEG hg g the HI

to
i Class ey E.li GHltZItHgTltrGIatHr Id lHgl

111 It s I



101 t 2 Sed
rightsetsofH

Hy
EG HI

i that Lagrange'stheorem

Example Classical Class Equation
G acts on S G by conjugation xhgxg

then i

orbits Gx gxgt.geGI ceca conjugacy class

stabilizers G 3gea gxg t xf C.ca centnoffner
ofX

fixedptsd GG XE G gxgIx tgtGKZCG
centerofGHence etc is finite

161 124631 t Z'EG Cea
I I

p ps

Def A p group is a fruit group whose order
is a power of a prime p Thats

For a prime p G is a p group if 1Gt pm
for some n 1

Example
C Zp Qpr 21ps
2 ZpXZp ZpXZpz ZpXZpss
3 Kpk Zpk X X 21pm hi 30

4 1712 D 43 D8 Dzr
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5 Qs generalised quaternion groups

Remark Mostfinitegroups are p groupsIn fact most are 2 groups

nfiygkfai 92 gmp.IQ Enl 1
IG KIEN

eg Among allthegroups of size ME 2,000 in

the GAP database the naps f see

E 1.024 are 99

trop let G be a pgroup acting on a finite setsThen
1st Issf Mod p

Proot Assume ftp Then the classeg gives
161 154215.67 1

G
But by Lagrange any subgroup HEG has

Htt EG HIHalep
so IHkpr and CG HT p where Ipsen

and ptS h

So ch El EG G p for some oepen
but 4 1 1 is equivalentto TG lf 1

and so EG6721
Hence EG 6 1 is divisible by p

rifled



Corollay Every p group has non thh'd center


